Abstract. We characterize the points of · -w * continuity of dual maps, turning out to be the smooth points. We prove that a Banach space has the Schur property if and only if it has the Dunford-Pettis property and there exists a dual map that is sequentially w-w continuous at 0. As consequence, we show the existence of smooth Banach spaces on which the dual map is not w-w continuous at 0.
Introduction
In [3, Theorem 1, p. 22], it was proved the following result: Theorem 1.1. Let X a Banach space and x 0 ∈ S X . The following assertions are equivalent:
(1) x 0 ∈ smo (B X ).
(
2) Every support mapping is weak to norm continuous at x 0 . (3) There exists a support mapping which is weak to norm continuous at x 0 .
In Section 3, we will prove a more general version of this result by using dual maps instead of support mappings and we will obtain a new characterization of smoothness. Following the study of dual maps, we will prove that a Banach space has the Schur property if and only if it has the Dunford-Pettis property and there exists a dual map that is sequentially w-w continuous at 0 in Section 4.
Background
A Banach space X is said to have the Dunford-Pettis property (DPP) provided that for every sequence x n w −→ 0 in X and x * n w −→ 0 in X * , the sequence (x * n (x n )) n∈N converges to 0. It is well-known that weak convergence of (x n ) or (x * n ) can be changed by weakly Cauchy convergence in this definition. A Banach space X has the DPP if and only if any weakly compact operator T : X → Y is completely continuous. Examples of spaces satisfying the DPP are L 1 (µ) and C(K) for K compact and Hausdorff. It is well-known that infinite dimensional reflexive spaces do not satisfy the DPP. A survey about the DPP can be found in [2] . Recall that X has the Schur property if for any sequence x n w −→ 0 in X we have that x n → 0 when n → ∞. It is clear that X has the DPP if X has the Schur property.
Recall that a point x in the unit sphere S X of a Banach space X is said to be a smooth point of B X provided that there is only one functional in S X * attaining its norm at x. This unique functional is usually denoted by J X (x). The set of smooth points of the (closed) unit ball B X of a certain Banach space X is usually denoted as smo (B X ). A Banach space X is said to be smooth provided that S X = smo (B X ). Given a smooth Banach space X, the dual map of X is defined as J X : X → X * such that J X (x) = x and J X (x) (x) = x 2 for all x ∈ X. It is well known that the dual map is · -w * continuous and satisfies that J X (λx) = λJ X (x) for all λ ∈ C and all x ∈ X. We refer the reader to [1] for a better perspective on these concepts.
Dual maps and smoothness
Given any Banach space X, a map T : X \ {0} → X * \ {0} is called a support mapping if T (x)(x) = 1 = T (x) for all x ∈ S X and T (λx) = λT (x) for all λ ≥ 0 and all x ∈ X \ {0}.
In [3, Theorem 1, p. 22], it was proved that a supporting map is norm to weakstar continuous from S X to S X * at x 0 in S X if and only if X is smooth at x 0 . We will prove a more general version of this result by using dual maps instead of supporting maps.
Definition 3.1. Given a Banach space X, a map T : X → X * is called a dual map whenever T (x) = x for all x ∈ X and T (x) (x) = x 2 for all x ∈ X.
Notice that dual maps are more general that supporting maps, as the following theorem states: (2) , assume that X is not smooth and let T : X \{0} → X * \ {0} be any supporting map. Let x ∈ S X be a non-smooth point and let
* , and S(z) = T (z) for all z ∈ X \ {0, 2x} is a dual map on X whose restriction to X \ {0} is not a supporting map.
The following properties are easy calculations.
Proposition 3.3. Let X be a Banach space and consider a dual map
belongs to S X * and attains its norm at
is not smooth, then there is a bijection between the set of dual maps
and the following set:
f) In general, there is a bijection between the set of dual maps and the following set:
Hence, to construct a dual map, all is needed is mapping 0 to 0 and every nonzero x to a norm-1 functional attaining its norm at x x times the norm of x.
3.1. Points of · -w * continuity. Now we determine points of · -w * continuity of dual maps, turning out to be exactly the smooth points. We will denote x −1 (1) := {x * ∈ X * : x * (x) = 1}. For this we will be making a strong use of the following lemma:
(1) (x n ) and (y n ) converge to x.
(2) (J X (x n )) and (J X (y n )) converge to x * 1 and x * 2 respectively. To prove Lemma 3.4, we will need the following lemma:
Proof. To prove (1), notice that given any ε > 0 there exists i ∈ I such that (2) , notice that x * is not in the interior of x −1 (1) ∩ B X * relative to S X * since all points in that interior are smooth points of B X * . So if x * is one of those interior points, then there exists i ∈ I so that J X (x ni ) is also an interior point and thus a smooth point of B X * . This implies the contradiction that x ni = x.
It is well known that smo (B X ) is dense in S X provided that X is separable (see [1] ). Also notice that if X is real and 2-dimensional and x ∈ S X \ smo (B X ), then x −1 (1) ∩ B X * is a non-trivial segment and thus it has non-empty interior relative to S X * .
Proof of Lemma 3.4 . Under the assumptions of the lemma, we have that
We can then find two sequences (
2 ) −1 ((−∞, 0)) both converging to x. Because of the w * −compacity of S X * we are entitled to assume without loss of generality that the two sequences (J X (x n )) n∈N and (J X (y n )) n∈N are respectively convergent to some a * = b * ∈ {x * 1 , x * 2 } in accordance to Lemma 3.5.
Now we are on the right position to state and prove the main result in this section, which constitutes a generalization of [3, Theorem 1, p. 22]. Theorem 3.6. Let X be a Banach space. Let T : X → X * be a dual map and consider x ∈ X \ {0}. The following conditions are equivalent:
Proof. We will assume that x = 1 without loss of generality.
(2)⇒(1) Assume first that x ∈ smo (B X ). Let (x n ) n∈N be a sequence in X converging to x. Observe that (T (x n )) n∈N is a bounded sequence, therefore it has a w * -convergent subnet T x nj j∈J to some element f ∈ X * . Observe that
for every j ∈ J, we deduce that f (x) = 1. This means that f = T (x) because x ∈ smo (B X ). Following a similar reasoning one can show that every subnet of (T (x n )) n∈N has a further subnet w * -converging to T (x), which shows that (T (x n )) n∈N is w * -convergent to T (x). (1)⇒(2) Conversely, assume that T is · -w * continuous at x. Suppose to the contrary that x ∈ S X \ smo (B X ). Let Y be a 2-dimensional real subspace of X contaning x. In accordance to Lemma 3.4, there exist two sequences (x n ) n∈N , (y n ) n∈N ⊂ smo (B Y ) both converging to x and such that (J Y (x n )) n∈N and (J Y (y n )) n∈N converge to x * 1 and x * 2 , respectively, where
. By hypothesis, (T (x n )) n∈N and (T (y n )) n∈N are both w * -convergent to T (x). Therefore, (Re (T (x n )) | Y ) n∈N and (Re (T (y n )) | Y ) n∈N are both w * -convergent to Re (T (x)) | Y , which is impossible since x * 1 = x * 2 .
As a corollary, we obtain a new characterization of smoothness. (1) There exists a · -w * continuous dual map on X. (2) X is smooth.
Dual maps and the Dunford-Pettis property
We show that dual maps and the Dunford-Pettis property interact in a bidirectional way. We first prove that the Schur property can be characterized in two different ways in terms of the Dunford-Pettis property and the sequential w-w continuity at 0 of dual maps. Proof. Assume first that X has the Schur property. It is well know that X enjoys the Dunford-Pettis property. Let (x n ) n∈N be a w-null sequence in X. By hypothesis, (x n ) n∈N converges to 0, so (T (x n )) n∈N converges to 0 and thus (T (x n )) n∈N is w-null, where T : X → X * is any dual map. Conversely, assume that X has the Dunford-Pettis property and there exists a dual map T : X → X * that is sequentially w-w continuous at 0. Suppose to the contrary that X does not enjoy the Schur property. We can find a sequence (x n ) in S X such that x n w −→ 0 in X. By hypothesis, T (x n ) w −→ 0 in X * . However, T (x n ) (x n ) = 1 for every n ∈ N, so we reach the contradiction that X does not have the Dunford-Pettis property.
Corollary 4.2. Let X be any separable Banach space which has the Dunford-Pettis property but not the Schur property. Then X can be equivalently renormed in such way that it is smooth but its dual map is not sequentially w-w continuous at 0.
Proof. Notice that X can be equivalently renormed to be smooth since it is separable (see [6] ). Theorem 4.1 assures that the dual map will not be continuous. The use of this result has been very important to study the connection between weakly compact and compact operators on spaces whose duals are Schur spaces. In particular, in spaces of weighted analytic functions (see [7] ).
By means of dual maps we will be able to provide a version of Theorem 4.4 with a very short proof. This result we are about to state and prove has been already proved in [5, Theorem 3.16 ]. However, our proof is slightly different as we strongly rely on Rosenthal's ℓ 1 -Theorem (see [8] ). Proof. Suppose that X fails to have the Schur property and consider a sequence (x n ) n∈N in S X such that x n w −→ 0 in X. Let T : X → X * be any dual map on X. Since (T (x n )) n∈N is bounded, we can apply Rosenthal's ℓ 1 -Theorem (see [8] ) to find a subsequence (x n k ) k∈N such that (T (x n k )) k∈N is either w-Cauchy in X * or equivalent to the ℓ 1 -basis. We will distinguish between these two possibilities:
• (T (x n k )) k∈N is equivalent to the ℓ 1 -basis. In this case we inmediately have that X * has a copy of ℓ 1 and so we are done.
• (T (x n k )) k∈N is w-Cauchy in X * . In this situation, we have by hypothesis that (T (x n k ) (x n k )) k∈N converges to 0, which contradicts that T (x n ) (x n ) = x n 2 = 1 for every n ∈ N.
We obtain a well-known result as a corollary:
Corollary 4.6. If X is an infinite dimensional Banach space and X has the Dunford-Pettis property, then ℓ 1 is a closed subspace of X * .
Proof. By Theorem 4.5, if ℓ 1 is not contained in X * , then X has the Schur property, so by Rosenthal's ℓ 1 −Theorem, ℓ 1 is contained in X. It is well-known that in this case, ℓ 1 is also contained in X * (see [4] , p.211), a contradiction.
